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Reasoning in language models

2

Unreliable with incorrect answers.

Χ
 

3?

Powerful and practically useful.

GitHub Co-Pilot

Capabilities and limitations?



Agenda
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vΥ Iƻǿ Ŏŀƴ ǇŀǊŀƭƭŜƭ ƳƻŘŜƭǎ ǎǳŎƘ ŀǎ ¢ǊŀƴǎŦƻǊƳŜǊǎ ƳƻŘŜƭ ǎŜǉǳŜƴǘƛŀƭ 
ǊŜŀǎƻƴƛƴƎΚ

Å Capabilities in theory (representational)

Å Solutions found in practice
      (optimization, generalization)

TL;DR: Transformers reason with shallow solutions,

with computational advantages but statistical issues.

Formalizing with automata:



Formalizing reasoning

execute symbolic 
computations*

Transitions of
discrete state machinestŀǊǎŜΣInfer,

Retrieve, Search
ΧΧ 

parity

An on- off  switch is off.

(actions: toggle  or not )

Now the switch is ?.

[Han 20, Anil et al. 22]
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Formalizing reasoning

5

execute symbolic 
computations*

Transitions of
finite state machinesParse, LƴŦŜǊΣ

Retrieve, Search
ΧΧ 

Parity

[Han 20, Anil et al. 22]

An on - off switch is off.

(actions: toggle or not)

Now the switch is ?.

!ŘŘƛǘƛƻƴ

ώbƻƎǳŜƛǊŀ Ŝǘ ŀƭΦ нмϐ

00010011

+ 10100110 

10111001

Regular expressions

[Bhattamishra et al. 20]

example@cmu. edu

@( [a - zA- Z0- 9_.+ - ] +) \ . [ a- zA- Z0- 9_.+ - ]

Bounded nested brackets
[Yao et al. 21]



Formalizing reasoning

Parity

[Han 20, Anil et al. 22]

An on-off switch is off.

(actions: toggle or not)

Now the switch is ?.

Addition

[Nogueira et al. 21]

00010011

+ 10100110 

10111001

Regular expressions

[Bhattamishra et al. 20]

example@cmu. edu

@( [a - zA- Z0- 9_.+ - ] +) \ . [ a- zA- Z0- 9_.+ - ]

²ƛŘŜ ǊŀƴƎŜǎ ƻŦ ǊŜŀǎƻƴƛƴƎ ǘŀǎƪǎ

finite-state automata   regular languages

6

Transitions of
finite state machines

Bounded nested brackets
[Yao et al. 21]



Formalizing reasoning with automata

states inputs ǘǊŀƴǎƛǘƛƻƴǎ

ή ή‏ ȟ„

(ὗ is finite)

ꜝ ὗȟɫȟ‏ 

parity counter 1-bit memory unit

(will reappear later)

Task: modeling the dynamics of ꜝ.

т

(no-op)



Task: Simulating automata

Simulating ꜝ : learn a seq2seq function for sequence length Ὕ.

ÅInput = „ȟ„ȟỄȟ„ ᶰɫ (alphabet),  output = ήȟήȟỄȟή ᶰὗ (states).

ꜝ ὗȟɫȟ‏

states, inputs, transitions
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Architecture choices

wbb

sequential across positions

Natural for ή ή‏ ȟ„

╣ positions

9

Transformer

parallel across positions

╛ layers

ǎŜǉǳŜƴǘƛŀƭ ŀŎǊƻǎǎ ƭŀȅŜǊǎ

Typically ὒḺὝ.



Task: Simulating automata

Simulating ꜝ : learn a seq2seq function for sequence length Ὕ.

ÅInput = „ȟ„ȟỄȟ„ ᶰɫ (alphabet),  output = ήȟήȟỄȟή ᶰὗ (states).

parity counter

Iterative solution

ή ή‏ ȟ„  ή ṥ „

Parallel solution

ή В „  ÍÏÄ ς 

άwbb ǎƻƭǳǘƛƻƴǎέά¢ǊŀƴǎŦƻǊƳŜǊ ǎƻƭǳǘƛƻƴǎέ

ꜝ ὗȟɫȟ‏

states, inputs, transitions

Note: more than 1 way to simulate ꜝ.

Ὕ

ὒ=1

{ƘƻǊǘŎǳǘ
έὝ І ǎŜǉǳŜƴǘƛŀƭ ǎǘŜǇǎ

12
Not shortcut Shortcut



Transformers learn shortcut to automata

Empirically:

ÅCan shortcuts be found?
ÅIs theory predictive? 

ÅWhat are the empirical solutions?
ÅSame as the constructions?

ÅProperties?

¢ƘŜƻǊŜǘƛŎŀƭƭȅΥ ǎƘƻǊǘŎǳǘ ǎƻƭǳǘƛƻƴǎ

Q: How parallel models such as Transformers perform sequential reasoning?

ÅTools: group theory, Krohn-Rhodes.

ÅMeasured by network depth.

ÅWhat structure/properties are 
needed?

ÅHow short can the shortcuts be?

13



Solutions of Reasoning

мп

ή 

ή 

ή „ „ „ „ 

ή 

ή 

é

iterative state emulation 

# steps = Ὕ
definition of ‏

# steps = ὕÌÏÇ Ὕ # steps = ὕȿȿρ

ǊŜǇǊŜǎŜƴǘŜŘ ōȅ wbbǎ represented by Transformers

( shortcuts )

ꜝ ὗȟɫȟ‏ȟ
ή ή‏ ȟ„ .



ὕÌÏÇ Ὕ steps 

Goal: compute ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή Σ ὸɴ ὝΦ

parity counter

ẗȟπ‏
ρ π
π ρ

 ,    ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή

Ὡ
ρ π
π ρ

Ễ
π ρ
ρ π

Ὡ

function         matrix

ẗȟ„ȡ ὗᴼὗ‏

composition          multiplication

ẗȟρ‏
π ρ
ρ π

 

ꜝ ὗȟɫȟ‏ȟ
ή ή‏ ȟ„ .
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ὕÌÏÇ Ὕ ǎǘŜǇǎ 

Goal: compute ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή Σ ὸɴ ὝΦ

function         matrix

associativity

ὕÌÏÇὝ

ẗȟ„ȡ ὗᴼὗ‏

composition          multiplication

ꜝ ὗȟɫȟ‏ȟ
ή ή‏ ȟ„ .

parity counter

ẗȟπ‏
ρ π
π ρ

 ,    

ẗȟρ‏
π ρ
ρ π
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Can we use έÌÏÇὝ layers?
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We already have positive results.

ÅParity: only need to count #1s.

/ƻǳƴǘƛƴƎ ǿƻǊƪǎ ŦƻǊ ŎƻƳƳǳǘŀǘƛǾŜ ŦǳƴŎǘƛƻƴ ŎƻƳǇƻǎƛǘƛƻƴΥ ὕρ ƭŀȅŜǊǎΦ

How about non-commutative compositions?

Ὢʐ Ὣ Ὣ Ὢʐ 

Ὢʐ Ὣ Ὣ Ὢʐ 

ή В „  ÍÏÄ ς 

Decomposition

ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή
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!ǎƛŘŜΥ ά{ƘƻǊǘŎǳǘέ ƛƴ ǊŜŎƻƎƴƛȊƛƴƎ Ǿƛǎǳŀƭ ǇŀǘǘŜǊƴǎ ώIǳŀƴƎ ŀƴŘ tŀǎƘƭŜǊ лтϐ

Matching?

Χ

Χ

2. shortcut via decomposition (color)

(fewer sequential steps )

1. tracing the cells 
one by one 

ὕ ὗ  steps: decomposition



5ŜŎƻƳǇƻǎƛǘƛƻƴΥ ŎŀǊ ƻƴ ŀ ŎƛǊŎƭŜ

ὗ  {      , } πȟρȟςȟσ, ɫ ὈŘǊƛǾŜȟὟ¦ҍǘǳǊƴ. 
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ÅDirection =  parity (sum) of Ὗ. (parity: {1, -1}  {0, 1})

ÅPosition   =  signed sum mod 4 : sign = parity of Ὗ.

Ὀ Ὀ Ὀ Ὗ Ὀ Ὀ Ὗ Ὗ Ὀ

Parity:  1   1   1 -1  -1  -1  1  -1  -1 O

Signed sum:  1   1   1   0  -1 -1   0  0  -1 O   0

Ὢʐ Ὣ Ὣʐ Ὢ 

ή  (      , 0),  „ȡ  ὈὈὈὟὈὈὟὟὈ O ή?

ὕρ layer each
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Decomposition: general

Recall: group axioms

ÅAssociativity: ὥẗὦẗὧ ὥẗὦẗὧ

²Ƙŀǘ ŀǊŜ ǿŜ ŘŜŎƻƳǇƻǎƛƴƎΚ

Transformation group: כꜝ ḧ .ẗȟ„Ḋ„ᶰɫ under composition‏

parity counter cyclic group ὅ

ꜝכ  

(mod 2)

Product  כ (              ,                  )  

ÅLƴǾŜǊǎŜΥ ὥẗὦ ὦẗὥ Ὡ όƛŘŜƴǘƛǘȅύ
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Decomposition: general Group: associative + invertible

άtǊƛƳŜ ŦŀŎǘƻǊƛȊŀǘƛƻƴέ ŦƻǊ ƎǊƻǳǇǎΥ

Ὃ Ὄ ẅὌ ỄẅὌ  (Jordan & Hölder)

ÅὌ isaάŦŀŎǘƻǊέ (normal subgroup) ofὌ.

ÅὌ ȾὌ ŀǊŜ άǇǊƛƳŜƴǳƳōŜǊǎέ (simplegroups).

ᴼὲ ὕÌÏÇȿὋȿ 

LŦ ŎƻƳƳǳǘŀǘƛǾŜ όŀōŜƭƛŀƴύΥ м ƭŀȅŜǊ

ά{ƻƭǾŀōƭŜ Ὃέ

factors

[ ὔ ὴẗὴ Ễẗὴ (Euclid) ]

Product (              ,                  )  

Χ ǿƛǘƘ ὕÌÏÇὋ  layers Χ²Ƙŀǘ ƛǎ ȿὋȿ?

Transformation group: כꜝ ḧ .ẗȟ„Ḋ„ᶰɫ under composition‏



нн

Decomposition: general Group: associative + invertible

Transformation group: כꜝ ḧ .ẗȟ„Ḋ„ᶰɫ under composition‏

Invertible: ὥẗὦ ὦẗὥ Ὡ (identity)

1-bit memory unit

ẗȟ‏
π ρ
π ρ

singular  O    no inverse

όŀƪŀΦ ŦƭƛǇŦƭƻǇύ
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Decomposition: general Semigroup: associative (+ identity)

Invertible: ὥẗὦ ὦẗὥ Ὡ (identity)

1-bit memory unit

Semigroup: associativity only

(aka. flipflop)

WƻǊŘŀƴ ϧ IǀƭŘŜǊ(כꜝ : group)

ꜝכ) : semigroup)Krohn-Rhodes

Transformation semigroup: כꜝ ḧ .ẗȟ„Ḋ„ᶰɫ under composition‏

ẗȟ‏
π ρ
π ρ

singular  O    no inverse

ꜝכ ὕ ὗ

ƛΦŜΦ ǿƛǘƘ ὕ ὗÌÏÇȿὗȿ ƭŀȅŜǊǎ

ὕ ὗ



ὕ ὗ  steps: decomposition

uniform attention sparse attention

„ήȟ‏ ή „ ÍÏÄ ὴ 
„ήȟ‏ „ȟ 
ήȟṶ‏ ή.

mod counter ƳŜƳƻǊȅ ǳƴƛǘ

Krohn-Rhodes: solvable ꜝ  decomposes into 2 types of factors.

Ҍ άgluingέ ǿƛǘƘ hόмύ ƭŀȅŜǊǎ όǳǎƛƴƎ a[tύΦ

#factors ÐÏÌÙὗŎƻƴǎǘǊŀƛƴ ǘƘŜ ǘȅǇŜ ƻŦ άŦŀŎǘƻǊǎέ

Each representable by 1 Transformer layer

24



„ȡ 
ή 

ή 

ή „ „ „ „ 

ή 

ή 

é

„ „ „ „ „ ή 

ή 

„ȡ 

„ȡ 

é

é

„ȡ 

І ǎǘŜǇǎ Ґ Ὕ # steps = ὕÌÏÇ Ὕ

ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή

# steps = ὕȿȿρ

multi-scale function composition Krohn-Rhodes decomposition 

represented by Transformers

iterative state emulation 

ǊŜǇǊŜǎŜƴǘŜŘ ōȅ wbbǎ

for all ꜝ for solvable ꜝ

definition of ‏ associativity algebraic structure

# steps = ὕ ὗ

Solutions of Reasoning

ή 

„ „ „ „ ή é

ɫ ÍÏÄ ς 

нр



Simulating ꜝ  in practice

26

Transformer
with standard training

ⱭȢȢ╣ 
01101100

19 automata

▲ȢȢ╣ 
01001000

Can shortcuts be 
found?



/ŀƴ ǎƘƻǊǘŎǳǘǎ ōŜ ƭŜŀǊƴŜŘΚ
Transformer depth ὒ (Ὕ=100)

a
u
to

m
a
to

n

Cyclic groups 
(mod-n)

Non-solvable groups

Gridworld

27

Yes, across 19 automata & 16 depths.

Å5ŜŜǇŜǊ ŦŀŎǘƻǊƛȊŀǘƛƻƴ  OƳƻǊŜ ƭŀȅŜǊǎΦ

ÅShortcuts are found.

ÅOpen challenges:

ÅStabilize training?

ÅInterpret the solutions?

lighter > darker

example: Gridworld



ρ

τ

28

LƴǘŜǊǇǊŜǘƛƴƎ ƎǊƛŘǿƻǊƭŘ

1d gridworld: ὗ ρȟςȟσȟτ, ɫ  {L, R}.

ά¸ƻǳ Ŏŀƴ ƻƴƭȅ ŦƛƎǳǊŜ ƻǳǘ ǿƘŜǊŜ ȅƻǳ ŀǊŜ ƛŦ ȅƻǳ ƪƴƻǿ ή Φέ

ÅState matters: LR  RL at state 1, but LR  RL at state 3.

2 boundaries



Puzzle: design a parallel algorithm to compute „ȡᵐήȡ.

ÅHint: boundary detection: no boundary = prefix sum.

ὕρ layer for

29

ŀǘǘŜƴǘƛƻƴ ƘŜŀǘƳŀǇǎ 

 Oalgorithm extracted
άƳŜŎƘŀƴƛǎǘƛŎ ƛƴǘŜǊǇǊŜǘŀōƛƭƛǘȅέ

Transformers find boundaries:

Left boundary Right boundary

╞ -layer (Krohn-Rhodes: ὕ ὗ  )

C
u
rr

e
n

t 
p

o
si

tio
n

Previous positions

όDt¢ ǎƻƭǾŜŘ ǘƘƛǎ ōŜŦƻǊŜ ǳǎύ

lighter
= more attention

*Caution: challenges of interpreting 
attention maps [WLLR NeurIPS23]
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Transformer
with standard training

ⱭȢȢ╣ 
01101100

19 automata

▲ȢȢ╣ 
01001000

/ŀƴ ǎƘƻǊǘŎǳǘǎ 
ōŜ ŦƻǳƴŘΚ

Yes; e.g. gridworld.

Robust Out-Of-Distribution?

Simulating ꜝ  in practice



better

LAGKZ23b [NeurIPS23, spotlight] 

Problems with shortcuts?

Flip-flop: A simple task where Transformers struggle out-of-distribution (OOD).

ŜŀŎƘ Ǉƻƛƴǘ 
Ґ м Ǌǳƴ

Åunless introducing long-tailed data
also in prior work, e.g. priming [Jelassi et al. 23].

31

Mitigation: No perfect mitigations.

Attention glitches: imperfect retrieval.
ÅInherent limitations of attention.

ÅPotential contributor to hallucination.

1-bit memory unit



Flip-Flop Language Modeling (FFLM)

CƭƛǇπCƭƻǇ [ŀƴƎǳŀƎŜ όCC[ύΥ ǎŜǉǳŜƴŎŜǎ ƻŦ ƛƴǎǘǊǳŎǘƛƻƴπǾŀƭǳŜ ǇŀƛǊǎΦ

Åо ƛƴǎǘǊǳŎǘƛƻƴǎΥ × όǿǊƛǘŜύ Σ É όƛƎƴƻǊŜύ Σ Ò όǊŜŀŘύΦ

Åн ǾŀƭǳŜǎΥ ϑлΣ мϒΤ  ǘƘŜ ǾŀƭǳŜ ŦƻǊ Ò Ƴǳǎǘ ōŜ ǘƘŜ ǎŀƳŜ ŀǎ ǘƘŜ ƭŀǎǘ ×Φ

w 1 i  0 i  1 r 1  w 0 i  1 r  1

Task: predict values following r  (i.e. locate the most recent w)

άŦƭƛǇ-ŦƭƻǇέ ǘƘŜ ǎǘŀǘŜ

Distributions: FFL(ὴ): ὴ ὴ .

Why FFLM?
ÅAn atomic unit underlying 

reasoning tasks [LAGKZ23a].
ÅSimple yet interesting.



CC[a wŜǎǳƭǘǎ

Train: FFL(0.8)

Test: FFL(0.9) Χ ǎǇŀǊǎŜǊ

Attention glitches

Ὕ υρς

33



Attention Glitches FFL(ὴ░): various Ὕ, ὴ ὴ πȢς.

(R1) Transformers exhibit a long tail of errors.

όwоύ мл.πǎŎŀƭŜ ƴŀǘǳǊŀƭπƭŀƴƎǳŀƎŜ ƳƻŘŜƭǎ ŀǊŜ 

        ƴƻǘ Ǌƻōǳǎǘ ŜƛǘƘŜǊΦ

(R2) 1-layer LSTMs extrapolate perfectly.

w 0 i  0 i  1 w 1 i  1 i  0 r ?

T
e
st

 e
rr

o
r 

F
F

L
(0

.6
)

Sequence length

using 1 len-16 prompt

lower is better

Def: imperfect hard retrieval.

оп



What causes glitching attentions?

Not because of limitation on representation power (solvable with 2-layer 1-head).

Diluted soft attention: caused by more items in the softmax.

ÅPointed out in prior work [Hahn 20, Chiang & Cholak 22].

ὥ
 

Ễ

e.g. ignores, earlier writes

ÅPossible mitigation: scaling the logits (e.g. by ÌÏÇ Ὕ), hard attention.

CC[όὴ░ύΥ  ὴ ὴ Φ

35



What causes glitching attentions?

Wrong argmaxΥ ƘŀǊŘ ŀǘǘŜƴǘƛƻƴ ǿƻƴΩǘ ǿƻǊƪΦ

Not because of limitation on representation power (solvable with 2-layer 1-head).

Diluted soft attention: more items in the softmax: scaling, hard attention.

Unlikely to precisely meet a necessary condition 
for linear positional encoding.

{ŜǘǘƛƴƎΥ ǎƛƳǇƭŜ ŦƭƛǇπŦƭƻǇΥ мπƭŀȅŜǊ мπƘŜŀŘΦ

 Ofailure on denser sequences (more w)

 Ofailure on sparser sequences (fewer w)

FFL(ὴ░):  ὴ ὴ .

Previous positions

C
u

rr
e

n
t 

p
o

si
tio

n

36



Mitigations to attention glitches

ÅLƴŎƻǊǇƻǊŀǘƛƴƎ hh5 ŘŀǘŀΦ
   LŘŜŀƭ ǎƻƭǳǘƛƻƴ ς bƻ hh5 ƛǎǎǳŜ ƛŦ ŜǾŜǊȅǘƘƛƴƎ ƛǎ 

   ƛƴ ŘƛǎǘǊƛōǳǘƛƻƴΗ Υύ

ÅStandard regularization
   e.g. weight decay, dropout, position encoding.

direct

indirect

ÅResource scaling: larger, train for longer.

   Fresh samples O better coverage

No perfect mitigations, 

except for OOD data.

ÅAttention-sharpening losses (entropy, ЉȟЉ )



Attention glitches: no perfect mitigations

5ŜƴǎŜπǎǇŀǊǎŜ ǘǊŀŘŜπƻŦŦΥ ǎŜƭŘƻƳ ƛƳǇǊƻǾŜ ōƻǘƘΦ

LSTM

denser = x-axis, sparser = y-axis.

38
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Attention:

ÅFlip-flop O sparse attention

Flip-Flop Language Modeling

Χ ǘƘŜ ǎƛƳǇƭŜǎǘ ǎŜǘǳǇ ǿƘŜǊŜ 
όŎƭƻǎŜŘπŘƻƳŀƛƴύ ƘŀƭƭǳŎƛƴŀǘƛƻƴ ƻŎŎǳǊǎΦ

OOD failures ς the 2 atomic units

memorized  Ofail at unseen Вᶰ „ .

ή Вᶰ „ ÍÏÄ ς MLP:

ÅParity O  uniform attention

Solution: periodic activation, e.g. ÓÉÎὼ. 
ᴼ

(failure of ReLU [Xu 20])

https://arxiv.org/abs/2009.11848


Empirical results

40

Transformer
with standard training

ⱭȢȢ╣ 
01101100

19 automata

▲ȢȢ╣ 
01001000

/ŀƴ ǎƘƻǊǘŎǳǘǎ 
ōŜ ŦƻǳƴŘΚ

Yes; e.g. gridworld.

Robust Out-Of-Distribution?

1. Attention (flipflop)

Any fixes?

Failure of:

2. MLP (parity)

Computational shortcuts exist, but practical statistical shortcuts are brittle.



Autoregressive mode of Transformers

Fix to OOD: iterative/autoregressive solutions: use ή  as inputs.

41

Scratchpad (Nye et al. 21) ή ή‏ ȟ„  

No longer parallel across positions

bƻǘ ǎƘƻǊǘŎǳǘ 

Input: „

Output: ή



Autoregressive mode of Transformers

42

Transformers generalize, when made autoregressive with scratchpad [Nye et al. 22].

 OCan we learn shortcuts that generalize? Χ ŀǘǘŜƴǘƛƻƴ ƎƭƛǘŎƘŜǎ όŦƭƛǇŦƭƻǇύ



Å¢ƘŜƻǊȅΥ ¢ǊŀƴǎŦƻǊƳŜǊǎ ƭŜŀǊƴǎ έὝ ƭŀȅŜǊǎ ǎƘƻǊǘŎǳǘǎΦ

Å!ƭƭ ꜝΥ  ὕÌÏÇὝ ƭŀȅŜǊǎΥ ŘƛǾƛŘŜπŀƴŘπŎƻƴǉǳŜǊΦ
Å¢Ƙƛǎ ƛǎ ŀƭǎƻ ǘƘŜ ƭƻǿŜǊ ōƻǳƴŘ ŦƻǊ ǘƘŜ ƎŜƴŜǊŀƭ ŎŀǎŜΦ

Å!ƭƭ ǎƻƭǾŀōƭŜ ꜝΥ  ὕȿȿρ ƭŀȅŜǊǎΥ YǊƻƘƴπwƘƻŘŜǎ ¢ƘŜƻǊȅΦ

Å{ǇŜŎƛŀƭ ŎŀǎŜΥ ὕρπƭŀȅŜǊ ǎƛƳǳƭŀǘƛƻƴΦ

Transformers Learn Shortcuts to Automata

43

ÅEmpirical study: shortcuts can be found in practice.

ÅBenefit: sequential computation steps Ḻ reasoning steps.

ÅWeakness: the shortcuts are brittle OOD, hallucination.

ÅNo perfect parallel solutions yet.

Parallel solutions to sequential reasoning problems.



Discussions

What can we learn from small-scale experiments?

ÅFFLM extensions: more values, selection criteria (multi-step reasoning).

ÅWhat insights transfer across scale? e.g. sharpen attention for code/math?

tŜǊŦŜŎǘ ŀŎŎǳǊŀŎȅΚ aƻǊŜ ŎƻƳǇǊŜƘŜƴǎƛǾŜ ƳŜǘǊƛŎǎΤ ǳƴŘŜǊǎǘŀƴŘ ǘƘŜ ŜǊǊƻǊǎΦ

!ǊŎƘƛǘŜŎǘǳǊŀƭ ŎƘŀƴƎŜǎΚ ŜΦƎΦ ǊŜŎǳǊǊŜƴŎŜΣ aŀƳōŀ ό{сύΣ ōǳƛƭǘπƛƴ ƻǇŜǊŀǘƻǊǎΦ

Theory? Representational, optimization (stability), generalization.
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Appendix
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Embarrassingly open: are any of the        proper? !## .0 ?

Quantifying efficient parallel circuits

ÅDƻŀƭΥ ŦƻǊƳŀƭƛȊŜ άYǊƻƘƴπwƘƻŘŜǎ ƛƳǇƭƛŜǎ ŜŦŦƛŎƛŜƴǘ ǎƛƳǳƭŀǘƛƻƴέ

Å[ƻǿπŘŜǇǘƘ ǇŀǊŀƭƭŜƭ ŀƭƎƻǊƛǘƘƳǎ ŀǊŜ ōŜǎǘ ŎŀǇǘǳǊŜŘ ōȅ ŎƛǊŎǳƛǘ ŎƻƳǇƭŜȄƛǘȅ

.#
4#

!##
!#.#

constant depth
ς-way AND, OR, NOT
poly number of gates

+ ὲ-way AND/OR Ҍ ƳƻŘπά ǎǳƳǎ Ҍ ǘƘǊŜǎƘƻƭŘǎ

ὕÌÏÇὝ depth
ς-way AND, OR, NOT
poly number of gates

simulating all ꜝ
simulating
solvable ꜝ

simulating
group-free ꜝ

ȩ

(,ȟ0ȟ.0ȟ etc.)
Ễ

пс



Factorization: from integers to groups

ÅWhy groups get complicated: combinatorial explosion

ÅFinite group theory: classical toolbox for understanding symmetries

ψ ς  ς  ς

ὅ: mod-8 addition
Ὁḙὅ  ὅ  ὅ: 3-bit vectors under XOR
ὅ  ὅ: non-interacting mod-4 & parity
Ὀ ḙὅẞὅ: rotations/reflections of a square
ὗ : multiplication of unit quaternions

ὅȟὉȟὅ ὅȟὈȟὗ  ὅḔὅ Ḕὅ
Jordan-Hölder factors (simple groups)

Krasner-Kaloujnine embedding (wreath product)

non-abelian: ὫὬ ὬὫ
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Decomposition: the glue

{ŜƳƛŘƛǊŜŎǘ ǇǊƻŘǳŎǘ     Σ ŜΦƎΦ5ƛǊŜŎǘ ǇǊƻŘǳŎǘ Σ ŜΦƎΦ

Two independent groups

Å ὫȟὬ ẗὫȟὬ ὫὫȟὬὬ

Åe.g.car+ a light switch

Two interacting groups

Å ὫȟὬ ẗὫȟὬ ὫὬὫὬ  ȟὬὬ

Åe.g.car+ direction toggle
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Transformation semigroups

ǇŀǊƛǘȅ ŎƻǳƴǘŜǊŎȅŎƭƛŎ ƎǊƻǳǇ ὅ

ꜝכ  

1-bit memory unit

non-invertible

flip-flop monoid

ꜝכ  

ꜝכ ḧ .ẗȟ„Ḋ„ᶰɫ under composition (associativity)‏

пф

DǊƻǳǇ ὋΥ ŀ ǎŜǘ Ὃ ǿƛǘƘ ƻǇŜǊŀǘƛƻƴ Ὃ  Ὃᴼ
ὋΦ

Å!ǎǎƻŎƛŀǘƛǾƛǘȅΥ ὥẗὦẗὧ ὥẗὦẗὧ

ÅLŘŜƴǘƛǘȅΥ ὥẗὩ Ὡẗὥ ὥ

ÅLƴǾŜǊǎŜΥ ὥᶅɴ Ὃȟɱὦɴ Ὃ ǎΦǘΦ ὥẗὦ ὦẗὥ Ὡ

Semigroup Ὃ: a generalization of group.

ÅAssociativity.

Å(+ Identity: a monoid.)

cyclic group ὅ

ή „ẗȟ‏ Ễʐ ʐ‏ẗȟ„  ή



What about semigroups?
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ꜝכ ḧ ẗȟ„Ḋ„ᶰɫ under composition‏

aƻǊŜ ŎƻƳǇƭƛŎŀǘŜŘΥ Ǌŀƴƪ ŎƻƭƭŀǇǎŜǎΦ

ὲπǇƭŀȅŜǊ ƳǳǎƛŎŀƭ ŎƘŀƛǊǎ ὲ-player musical sofas

rank-deficient transformation

ὗ ÐÏÓÉÔÉÏÎÓ ÏÆ ὲ ÐÌÁÙÅÒÓ 
ɫ  ÃÙÃÌÅȟ Ó×ÁÐ 

ꜝכ Ὓ:  all ὲȦ permutations on ὲ

 
 
 
 

  
 

 

ὗ ÐÏÓÉÔÉÏÎÓ ÏÆ ὲ ÐÌÁÙÅÒÓ 
ɫ  ÃÙÃÌÅȟ Ó×ÁÐȟ ÍÅÒÇÅ 

ꜝכ Ὕ:  all ὲ functions ὲᴼ ὲ

 
 
 
 

  
 

 

 

 



Krohn-Rhodes Intuitions

Tracking rank collapses (holonomy decomposition)
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Number of layers:

Å Solvable groups: ὕÌÏÇὋ
Åmod counter

ÅtŜǊƳǳǘŀǘƛƻƴπǊŜǎŜǘ ǎŜƳƛŀǳǘƻƳŀǘƻƴΥ
ὕÌÏÇȿὋȿ ς ὕ ὗÌÏÇὗ Φ
ÅƳƻŘ ŎƻǳƴǘŜǊ Ҍ ƳŜƳƻǊȅ ǳƴƛǘ

Å{ŜƳƛŀǳǘƻƳŀǘƻƴΥ ȿὗȿ ƭŜǾŜƭǎΦ

(recall: Ὃ ὲ )



Training with limited supervision
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Indirect supervision
train & test on a function of ή.

Incomplete supervision
ή is revealed w.p. ὴ ᶰπȟρ.

LSTM is always 100%O  hǇŜƴΥ Iƻǿ ǘƻ ƛƳǇǊƻǾŜ ¢ǊŀƴǎŦƻǊƳŜǊ ǘǊŀƛƴƛƴƎΚ

[Ŝǎǎ ƛŘŜŀƭ ǎŜǘǳǇǎΚ

sparser



OOD Generalization - Parity

Åtrain: ὴρ πȢυ

Åtest: other ὴρ.
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ὴρ πȢυ

concentrates ὴρẗὸ

ƳŜƳƻǊƛȊŜŘ ōȅ a[t

 OŦŀƛƭ ŀǘ ǳƴǎŜŜƴ Вᶰ „ Φ

ή Вᶰ „ ÍÏÄ ς 

A
cc

u
ra

c
y

ὴρ πȢυ

Bounded #1A
cc

u
ra

c
y

A
cc

u
ra

c
y

{ŜǉǳŜƴŎŜ [ŜƴƎǘƘ

όὝ τπύ



ὸ † ὸ ὸ † ὸ
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ὕρ layer for

ÅParallel boundary detector:

ÅCompute prefix sums ᾀḧВ„ȡ (ignoring boundaries);

ÅAt each ὸ, find most recent ὸ ὸ such that ᾀ ȡ has ὲ(#states) unique values;

ÅThen ὸ ḧ ÍÁØ ÁÒÇÍÁØ ᾀȟÁÒÇÍÉÎ ᾀ  is last boundary collision.



5ƛǊŜŎǘ ƳƛǘƛƎŀǘƛƻƴǎ

όwпύ LƴŎƻǊǇƻǊŀǘƛƴƎ hh5 Řŀǘŀ όάǇǊƛƳƛƴƎέύ ǿƻǊƪǎ ǘƘŜ ōŜǎǘΣ ōȅ ŦŀǊΦ
[Jelassi 23]

Top: sparser sequences

Bottom: denser sequences
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https://arxiv.org/abs/2306.15400


Indirect mitigations

(R6) Standard regularizations have various influences.

Å²ŜƛƎƘǘ ŘŜŎŀȅ

Å5ǊƻǇƻǳǘ όŀǘǘŜƴǘƛƻƴΣ a[tΣ 
ŜƳōŜŘŘƛƴƎύ

9ƳōŜŘŘƛƴƎ ŘǊƻǇƻǳǘ όǇҐлΦрύ

Weight decay
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Indirect mitigations

(R6) Standard regularizations have various influences.

Attention-sharpening 
regularization

В‌ÌÏÇ‌ (entropy), ‌  (ὒ ), ‌  (ὒ).

рт


